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Abstract. Experimental literature data on ionization energies and electron affinities of metal clusters are
reviewed and analyzed in terms of an expansion in the inverse cluster radius. The coefficient of the finite size
correction for ionization energies decreases with increasing bulk work function whereas the corresponding
coefficient for electron affinities increases. This sharply contrasts the predictions based both on density
functional theory of spherical jellium clusters and on classical electrostatics. A scaling of the coefficient for
the ionization potentials with the atomic radius yields a linear behavior which extrapolates to zero around
6 eV.

PACS. 36.40.-c Atomic and molecular clusters – 33.15.Ry Ionization potentials, electron affinities,
molecular core binding energy – 33.80.Eh Autoionization, photoionization, and photodetachment

1 Introduction

The scaling of cluster ionization energies, IEs (or ioniza-
tion potentials, IPs) with cluster size is generally recog-
nized as having the form of a constant, usually identified
with the bulk work function, plus a positive term propor-
tional to the reciprocal radius of the cluster,

IEN = b +
α

RN
= b + a

e2

4πε0r1
N−1/3, (1)

where N is the number of atoms in the cluster, r1 is the ra-
dius of the atom calculated from the bulk number density,
n, as

4π

3
r3
1 = n−1. (2)

Electron affinities (EA) are analyzed with an equation
similar to that of the IE’s;

EAN = b − β

RN
= b − c

e2

4πε0r1
N−1/3. (3)

The value and interpretation of the constant term b as the
bulk work function is rarely disputed. The formulation of
the dependence in terms of the factor a for the ionization
energies in equation (1) and the corresponding factor c for
the electron affinities (EA) in equation (3) emphasizes the
interpretation of the size dependent term as deriving from
electrostatics. The magnitudes of these two dimensionless
parameters are on the order of unity, lending credibility
to this interpretation.

a e-mail: klavs@physics.gu.se

Three different suggestions for the values of a can be
found in the literature, predicting either a single or a set
of values [1–10]. The value a = 1/2 is derived from the
capacitance of a metallic sphere. The alternative classical
value a = 3/8 is derived with a calculation of the polar-
ization energy of the system composed of metal sphere
and electron, and arises after the initial, divergent expres-
sion is regularized by forming the difference between two
identical infinities. Surprisingly, there is still no consen-
sus on the correct value of this purely classical quantity.
Experimental values are influenced also by quantum cor-
rections which act to reduce the value with a material de-
pendent term. The third class of suggestions include such
corrections explicitly by taking into account the quan-
tal nature of the valence electrons in metal clusters. Val-
ues are typically calculated with density functional theory
(DFT) [11–13].

The purpose of this work is to attempt an unbiased
analysis of the existing experimental data to provide an
improved empirical basis for a more fundamental under-
standing of the finite size scaling relation, in particular
with respect to the predictions of jellium descriptions of
metal clusters.

2 Data analysis

The data used in the present analysis are previously pub-
lished results on ionization energies and electron affinities
of pure metal clusters, specified with respect to cluster
size. For comparison, semiconductor and semimetal clus-
ters are also included in the study. Most of the data used



200 The European Physical Journal D

Table 1. The parameters a, b derived from fitting of experimental data to equation (1). The values of W∞ are from [14].
Superscript indicates method: 1photoionization, 2electron impact ionization and 3charge transfer reaction. Some uncertainty is
associated with the work function of Pr.

Element Size range [Ref.] a b [eV] W∞/b

Li1 2−26 [15] 0.41 ± 0.08 2.05 ± 0.32 1.43

C3 6−100 sparse [16,17] 0.56 ± 0.14 5.53 ± 0.58 0.90

Na1 2−22 [18] 0.28 ± 0.10 2.96 ± 0.35 0.80

Na1 9−80 [19] 0.28 ± 0.03 2.86 ± 0.05 0.83

Al1 2−53 [20] 0.40 ± 0.05 4.24 ± 0.17 0.98

Si1 2−45 [21] 0.92 ± 0.14 3.49 ± 0.49 1.26

K1 3−30 [22] 0.30 ± 0.06 2.37 ± 0.15 0.97

V1 2−22 [23] 0.31 ± 0.02 3.68 ± 0.10 1.17

Cr1 4−25 [24] 0.26 ± 0.06 4.07 ± 0.14 1.11

Mn1 7−64 [25] 0.30 ± 0.04 3.74 ± 0.13 1.10

Fe1 6−90 [26] 0.22 ± 0.01 4.47 ± 0.05 1.06

Co1 3−92 [26] 0.16 ± 0.03 4.98 ± 0.09 1.00

Ni1 3−90 [27] 0.10 ± 0.01 5.46 ± 0.02 0.92

Cu1 3−122 [28] 0.25 ± 0.04 4.62 ± 0.12 1.05

Ge1 2−57 [29] 0.77 ± 0.09 3.90 ± 0.28 1.28

Y1 2−31 [30] 0.33 ± 0.03 3.11 ± 0.10 1.00

Nb1 2−76 [31] 0.29 ± 0.03 3.94 ± 0.10 1.09

Ag1 3−100 [32] 0.32 ± 0.08 3.88 ± 0.21 1.19

Ag2 2−36 [33] 0.28 ± 0.09 5.22 ± 0.37 0.89

Cd1 2−30 [34] 0.65 ± 0.07 3.54 ± 0.27 1.15

Sn1 2−41 [29] 0.58 ± 0.09 4.43 ± 0.28 1.00

Ta1 2−64 [35] 0.21 ± 0.02 4.22 ± 0.08 1.01

Au2 3−22 [36] 0.34 ± 0.20 6.46 ± 0.90 0.83

Hg1 2−109 [37] 0.89 ± 0.10 4.42 ± 0.58 1.01

Bi1 2−38 [38] 0.63 ± 0.06 4.58 ± 0.18 0.92

Ce1 2−21 [39] 0.26 ± 0.09 3.27 ± 0.35 0.89

Pr1 2−17 [39] 0.19 ± 0.04 3.54 ± 0.13 0.77

are available in tabulated form from the original publi-
cations. For the remaining, they were digitized from the
published graphs. For each species, the experimental data
are fitted using the least squares method, including all
measured points (but excluding the monomer) and with
equal weight to each point. All atomic radii are calculated
from tabulated densities at 20 ◦C. For carbon the density
of graphite was used. Data sets covering only the smallest
sizes, below N ≈ 15, are excluded to avoid distortion of
the fits from shell- and odd-even effects. Data on mixed
clusters are not included because size dependence in gen-
eral is an ambiguous concept for these.

The quantity b in equation (1) is, as mentioned,
equated with the bulk work function, W , but since b is
a fitted parameter it may differ from tabulated values of
W . The agreement between W and b is reasonable, al-
though not perfect. The comparison is given in Table 1
together with the fitted values of a. The values of c and
b (Eq. (3)) are given in Table 2. Since the values of the
b’s derive from fits they are not necessarily identical for
the same element for electron affinities and ionization en-
ergies. This may in part be due to the difference between

the electron affinity/ionization energy and the vertical de-
tachment energy, which is the quantity measured in the
experiments. In total, there are data for the IE’s and EA’s
for five elements (Na, Al, Cu, Ag, and Hg). Of these, ei-
ther the IE or the EA has been determined twice in three
cases (Na, Al, and Ag). The mean of the absolute relative
difference between the two determinations of IE or EA for
these three elements is 0.12. This should be compared with
the similar number when IE and EA are compared, which
is 0.19. These two numbers are similar and do not give
us reason to suggest that the ionization energies and the
electron affinities extrapolate to different work functions.
It requires a much larger sample to reveal any systematic
trend of this kind. We note that the trend towards a de-
viation from the DFT-jellium calculations which will be
discussed below was present for these fits also.

The ionization energies for clusters of different ele-
ments have been determined for different size ranges and
fits could potentially introduce spurious correlations be-
tween the values of a and b, depending on the precise
size range used. These correlations appear for example
if higher order terms in N−1/3 are important in the
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Table 2. The parameters c, b derived from fitting of experimental data on photodetachment energies to equation (3). The
values of W∞ are from [14].

Element Size range [Ref.] c b [eV] W∞/b

Na 2−110 [40] 0.39 ± 0.02 2.49 ± 0.04 0.95

Mg 3−95 [40] 0.55 ± 0.02 3.87 ± 0.06 1.13

Al 3−32 [41] 0.39 ± 0.02 4.03 ± 0.08 1.04

Al 2−25 [42] 0.36 ± 0.03 3.87 ± 0.12 1.08

Cu 6−41 [43] 0.33 ± 0.06 3.72 ± 0.22 1.3

Zn 3−117 [40] 0.57 ± 0.02 4.52 ± 0.06 1.13

Sr 2−56 [40] 0.37 ± 0.01 2.33 ± 0.03 1.10

Ag 2−21 [44] 0.24 ± 0.07 2.99 ± 0.31 1.55

In 2−15 [45] 0.34 ± 0.03 3.38 ± 0.14 1.21

W 2−90 sparse [46] 0.42 ± 0.04 3.90 ± 0.15 1.17

Re 2−40 [47] 0.41 ± 0.02 4.36 ± 0.07 1.08

Hg 3−383 sparse [48] 0.81 ± 0.02 4.83 ± 0.05 0.93

Tl 2−20 [45] 0.37 ± 0.03 3.23 ± 0.11 1.19

Pb 3−204 sparse [49] 0.48 ± 0.02 3.88 ± 0.06 1.09

Fig. 1. Fitted values of a vs. b. filled circles indicate metallic
elements, open circles the semi metals/semiconductors. The
open triangles are the calculated values from [13].

expansion in equation (1). No such correlation was seen
in a plot of a vs. N

−1/3
l − N

−1/3
h , where Nl, Nh are the

lowest and highest sizes in the individual data sets. Such
artifacts caused by the fitting can therefore be ruled out.

The values of a appear to fall in two bands when plot-
ted vs. b, as seen in Figure 1, one for metals and one for
semimetals/semiconductors. The two groups are Li, Na,
K, Al, Cr, Mn, Fe, Co, Ni, Y, Nb, Ce, Cu, Ag, Pr, Ta,
V, and Hg, Si, Ge, Cd, Sn, C, Bi. One point (on Au) is
excluded from the figure because the 1 σ error bars ex-
ceeded 50% of the value itself. The values for metals are
almost all at or below 0.3, with a tendency to decrease
with increasing work function. The trend is similar for the
semimetals but the values are more than twice the values
for metals for the same value of b. The tendency for a to
decrease with b differs radically from earlier compilations,
(see e.g. [50]) where IEs were fitted with a constant value
of a.

Fig. 2. Fitted values of c vs. b. The elements are Cu, Ag, In,
W, Re, Tl, Pb, Al, Mg, Zn, Sr, Na.

Mercury is often used as a paradigm of a transition
from Van der Waals binding at small cluster sizes to metal-
lic structure at larger clusters [51] (although it has been
argued that this viewpoint needs modifications [48]). One
will therefore expect to see different sets of values of a, b
for small and for large clusters. This is indeed also found,
but surprisingly both points lie on the curve corresponding
to semimetals, albeit with different positions on the curve.
For this reason we did not distinguish between large and
small and used a single value for mercury, fitted over all
sizes measured.

A plot has been made (not shown) with the data fitted
with a cluster radius given by r1N

1/3 + Δr where Δr
is the so-called spill-out. The results are quite similar to
Figures 1 and 2, although individual points shift by small
amounts along the curve.

Figure 2 shows the coefficient c related to the scaling of
the electron affinities. We note a tendency to an increase
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of c with work function, although this is partly obscured
by the scatter in the data. This is the opposite trend of
that for a. To the extent that these trends apply to IE’s
and EA’s of the same elements, they indicate that the size
independent relation IEN +EAN ≈ 2W given in [52] (for
Al and K) does not hold generally. This relation would
require that a ≈ c.

A striking correlation between fitted values is found if
instead of a and c, ar1 and (1 − c)r1 for the metals are
plotted vs. the work functions, see Figure 3. The variations
of both ar1 and (1 − c)r1 with b appear to be linear and
both extrapolate to zero at values between 6 and 6.5 eV.
The trend of a decreasing value of ar1 with increasing b is
partly due to the inverse relationship between r1 and b for
simple Fermi gases. The appearance of a linear behavior
for both the IEs and the EAs is the most surprising fea-
ture of the data. We note that work functions above 6 eV
are rare, and none are listed in e.g. [53] or [14]. The im-
plications of this are not clear to us at present, although
a violation of this apparent W < 6 eV rule would have
interesting consequences for plasma- and cluster physics.

3 Discussion

The quantum corrections to the electrostatic values of a
have been investigated by several authors, see e.g. [11–13].
In [13] calculations were performed on clusters in which
the ionic cores were described as jellium and the electrons
with density functional theory. The corrections were found
to be typically −0.08 for the high densities and slightly
closer to zero for the highest density calculated which cor-
responded to a Wigner-Seitz radius of 2a0. Also the work
functions were calculated and these data are included in
Figure 1. The calculated effect is too small to account
for the observed effect, and furthermore has an incorrect
trend as a function of work function.

We ascribe the discrepancy to the approximations in-
volved in the jellium description. Although jellium-based
models have successfully described an impressive range
of phenomena in metal clusters, in particular for alkali
metal clusters, most of these do not depend critically on
the properties of cluster surfaces. The quantum correc-
tions to ionization energies, on the other hand, depend
critically on the charge distribution at the cluster surface
and will be influenced by the granularity of the surface.
The magnitude of this effect depends on the element.

It is generally believed that the variation of the c pa-
rameter describing the size dependence of the electron
affinity is opposite to that of the ionization energy, pa-
rameterized as [54]

a = 1/2 − δ, c = 1/2 + δ, (4)

for the same material. Although the trend is confirmed
here in the sense that a larger ar1 gives a larger (1 −
c)r1, the different slopes of the electron affinity data and
the ionization energy data suggest that a + c is not unity

Fig. 3. ar1 (filled circles) and (1 − c)r1 (crosses) vs. b. Only
the metallic elements are included. One of the two high points
on ionization energies, at b = 5.2 eV, is from data recorded
with electron impact ionization. This ionization method tends
to give high values for a’s, and the data point is higher than
the corresponding photoionization data for the same elements.
The lines are guides to the eye.

and not even a constant [11]. Judged by the slopes in
Figure 3, which have a ratio of approximately 1:2, and
identical intercept with the abscissa, the relation is rather
2a ≈ c. From Figure 3 the scaling relation for a is found
to be

a =
0.11 nm

r1
− 0.018 nm

r1

b

eV
, (5)

and for c

c = −0.23 nm
r1

+ 1 +
0.035 nm

r1

b

eV
. (6)

These equations constitute quantitative predictions for the
values of a and c for hitherto unmeasured metallic ele-
ments.

4 Conclusions

The analysis presented here suggests that for metal clus-
ters a scaling exists for the parameters of the expansion of
the ionization energies in the reciprocal radius. It provides
non-trivial predictions for as yet unmeasured quantities.
The results presented here show that the predictions from
literature based on density functional theory calculations
with the positive background treated as a jellium fail. We
stress that this is not a failure of the density functional
theory, but of the jellium description of the clusters.
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