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Electronic shell energies and deformations in large sodium clusters from evaporation spectra

F. Chandezon,* S. Bjo”rnholm, J. Borggreen, and K. Hansen†

The Niels Bohr Institute, Riso”, DK-4000 Roskilde, Denmark
~Received 3 June 1996; revised manuscript received 28 October 1996!

Abundances of sodium clusters resulting from evaporationin vacuo of a large ensemble are analyzed
quantitatively. Electronic shell structure gives rise to oscillations in the abundance distributions with maxima
at the shell closings. From this, atomic separation energies and shell energies are derived from clusters with
50–230 atoms. The experimental shell energies are 2–3 times smaller in amplitude than calculated theoreti-
cally for spherical clusters. The discrepancy is understood as the result of deformations of the nonmagic
clusters. In addition, the energy oscillations due to shell structure are extracted from~i! the atomic separation
energies and~ii ! the ionization potentials of clusters with sizes up to 110 electrons. The two quantities are
compared and found to be nearly identical.@S0163-1829~97!08507-X#
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INTRODUCTION

The electronic shell structure in metal clusters was d
covered in 1984 as sawtoothlike oscillations in the ab
dance spectra of sodium clusters produced by an adiab
expansion source.1 Such shells are associated with spheri
symmetry of the electronic mean field and hence with
shape of the cluster. Clusters with partly filled shells will
deformed~the Jahn-Teller effect!, and a qualitative indica-
tion for this was found in the initially measured abundanc
for cluster sizes up toN540.2 Later, shell structure and de
formations were observed for several other meta
elements.3 The characteristic shell oscillations have be
identified experimentally up to very large sizes, but to o
knowledge a quantitative analysis of the abundance spe
in terms of shell energies has been lacking for clusters la
than about 40 atoms. Here we present an analysis of
kind.

I. FROM EVAPORATION SPECTRA
TO ELECTRONIC SHELLS ENERGIES

The question of the quantitative relation between clus
abundances and shell variations in the atomic binding e
gies was already addressed by de Heeret al.,4 later by
Bjo”rnholm et al.,5 and also in the more recent review by d
Heer.3 None of these treatments leads to definite conclusio
and they all made the erroneous assumption that all clus
in an ensemble could be thought to possess the same
perature at a given time irrespective of size. It has since t
become clear that the abundance spectra in question are
erated by a process of evaporation in vacuum, where
average cluster temperature oscillates with cluster size.6 An
ensemble of clusters that have undergone several evap
tions in vacuum prior to mass analysis fulfills the requi
ments of an evaporative ensemble as discussed by Kl7

The clusters follow distinct decay chains depending on th
initial mass and energy and the abundances measure
amount of these chains that have terminated at the respe
sizes at the moment of observation; see Fig. 1.

How does the connection between the abundances an
electronic shell structure arise? The rate of evaporation o
550163-1829/97/55~8!/5485~6!/$10.00
-
-
tic
l
e

s

c

r
tra
er
is

r
r-

s,
rs
m-
n
en-
e

ra-
-
s.
ir
the
ive

the
n

atom is sensitive to the separation energyD(N) ~.0!, i.e.,
the energy required to remove an atom from a cluster of s
N. If E(N) ~,0! is the cohesive energy of the same clus
then

D~N!5E~N21!2E~N!. ~1!

Following Strutinsky,8 the cohesive energy can be written

E~N!5Ẽ~N!1Eshell~N!, ~2!

where the first term is a smooth bulklike contribution and t
second one, theshell energy, is an oscillating term due to
electronic shell structure and deformations. The minima

FIG. 1. Illustration of the Klots model for small clusters: on
the last evaporation step in each decay chain needs to be consi
~full lines markedt). The relative abundance is equated to the wid
of the interval of excitation energies existing in clusterN at timet.
This interval is bracketed by two lines markedt, one feeding and
the other depopulating a cluster of a given size. In the graph,
separation energy increases abruptly between sizesN11 andN.
This results in an extra contribution to the clusterN, as expressed in
the second term of Eq.~9!.
5485 © 1997 The American Physical Society
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Eshell(N) correspond to especially stable clusters with clos
electronic shells. From Eqs.~1! and ~2!, it follows that also
the separation energy is a sum of two termsD̃(N) and
Dshell(N) with

Dshell~N!5Eshell~N21!2Eshell~N!. ~3!

Therefore, a closed shell corresponds to a change of sig
the function Dshell(N). This is confirmed in severa
calculations:9–11 at zero temperature, theDshell(N) function
is composed of sawteeth with steep downward steps at
shell closings; at finite temperature, the steps are replace
S-shaped curves with inflection points still at the shell clo
ings.

The shell energy must then obviously be reflected in
mass spectra of clusters evaporating in vacuum, but it is o
recently that a satisfactory quantitative analysis has bec
possible. By extending Klots’s work to include large clu
ters, Hansen and Na¨her have developed a general model a
plicable to an evaporative ensemblein vacuofor the case of
monomer evaporation being the only decay channel.12

For small clusters(N&100), the specific Klots assump
tion is valid: the clusters of sizeN that one observes at tim
t are the end products of evaporative chains, where all s
except the last one—fromN11 toN—can be considered a
instantaneous~see Fig. 1!.7 The abundanceI (N) at time t is
then determined by the length of the interval of internal e
ergiesE1* (N)2E2* (N) of clusters of sizeN present at timet.
HereE1* (N) is the energy of the hottest cluster surviving
time t. Its decay constant isk1(N)51/t. The quantityE2(N)
is the energy of the last arrived clusterN. It originates from
the clusterN11 with energyE1* (N11) and decay constan
k1(N11)51/t. If we assume an Arrhenius-type decay ra

k~N!5vN2/3S 2
D~N!

kBT~N! D , ~4!

wherev is the Debye frequency of the material andT(N) the
canonical temperature of the clusterN corresponding to an
average internal energyE* (N), this leads to

D~N!

T1~N!
5

D~N11!

T1~N11!
5kB ln~vN2/3t ![kBG

⇔T1~N11!2T1~N!5
D~N11!2D~N!

kBG
, ~5!

whereG, the so-called Gspann factor, is typically of ord
20–30. With

E2* ~N!5E1* ~N11!2D~N11! ~6!

and assuming Dulong and Petit’s value for the heat capa
Cv , i.e.,

E* ~N!5~3N26!kBT~N!'3NkBT~N!, ~7!

the relation between the abundance of the cluster sizeN and
the separation energy is
d
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I ~N!}E1* ~N!2E2* ~N!5D~N11!2@E1* ~N11!2E1* ~N!#

5D~N11!2
3N

G
@D~N11!2D~N!#. ~8!

It is not necessary to assume step functions for the de
rates at energiesE1* (N) andE2* (N) as here. Taking a more
realistic smooth dependence ofk(N) with E* (N) also results
in expression~8!.

The formula~8! is more conveniently expressed in term
of relative ~i.e., dimensionless! abundances and separatio
energies:

I rel~N!5D rel~N11!2
3N

G
@D rel~N11!2D rel~N!#. ~9!

Here the relative abundanceI rel(N)5I (N)/ Ĩ (N) corresponds
to the measured abundance normalized to an appropria
smoothened distributionĨ (N). The relative separation en
ergyD rel(N) equalsD(N)/D̃(N). These functions oscillate
around unity and contain the information about the sh
structure.

For large clusters, several steps in each decay cha
should be taken into account. The complete formula conn
ing I (N)rel to D(N)rel then contains a sum over all prio
evaporation steps. If, however, the separation energy
reasonably smooth function of size, the formula reduces
Eq. ~9!; see Ref. 12. In this case,t is a slightlyN-dependent
effective cooling time, but since it appears in the logarith
this has no practical importance.

Recent experimental studies in the size rangeN&400
have made it clear that previously measured abundance s
tra obtained with an adiabatic expansion source acquire t
final shape, in particular their shell oscillations, by evapo
tion in vacuum during the flight from the source to the po
of ionization.6,13 For sizes beyondN550, where irregular
dimer decay can be neglected,14 the spectra can therefore b
analyzed according to the formalism of Ref. 12. We ha
done so and found that~i! the spectra@see, e.g., Fig. 2~a!# are
smooth enough to ensure that Eq.~9! is a valid approxima-
tion for all sizes and~ii ! irrespective of size, the second ter
in Eq. ~9! is the dominant one near the shell closings. In vie
of the sawtooth, orS-shaped, form expected for theD(N)
function this means that a shell closure should appear
maximum in the relative abundance spectrum.

In order to obtain quantitative results the relative inten
ties I rel(N) are first turned into relative separation energ
D rel(N) by simply inverting Eq. ~9! numerically. The
D rel(N) values can be converted to absolute energy units
assuming that the average separation energyD̃(N) is equal
to the bulk cohesive energy of liquid sodium, which is ve
close to 1.0 eV. The measured relative abundances and
separation energies derived from these are shown in Fig
One sees that the positions of the inflection points~steepest
descent! in the functionD(N) coincide with maxima in the
abundance curve as anticipated.

A comparison with the results of calculations is most co
veniently made in terms of the~Strutinsky! shell energies,
Eshell(N). This quantity is obtained by integration:
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Eshell~N!52(
i52

N

Dshell~ i !52(
i52

N

@D~ i !2D̃~ i !#. ~10!

The result is shown in the upper part of Fig. 3. Here,
starting size for integration is 50, that is, we calcula
Eshell(N)2Eshell~50! and the base line for the shell energi
is Eshell~50!. This choice has no consequence for the am
tudes and the general shape of theEshell function. Theoretical
mean-field calculations, due to Frauendorf and Pashkevic11

are shown in the lower part of Fig. 3. Here a cluster tempe
ture of 460 K is assumed in accordance with typical eva
ration conditions.14,15The dashed line shows what the ener
oscillations would be in the absence of deformatio
whereas the full line~open circles! is the result of a varia-
tional calculation, where each cluster is allowed to relax t
minimum in energy under various axially symmetr
deformations.11 Deformations reduce the amplitudes in t
shell energy oscillations by a factor of 2–3, as one sees
one now compares with the experimental shell energ
which are plotted above using the same energy scale, it
comes clear that the observed oscillations are more corre
described when deformations are taken into account. We
terpret this as an indication that these large clusters
deformed—except near shell closures. To our knowled
this is the first quantitative evidence for deformation effe
obtained so far for large clusters. The maximum cluster s
where deformations have been found previously, isN548.

FIG. 2. ~a! Relative abundancesI (N)rel of sodium clusters~Ref.
13!, ~b! separation energiesD(N) obtained from the data of~a!
using Eq.~9! and normalizing to an average value of 1 eV. T
evaporation time ist'1 ms, andv, the Debye frequency, is equa
to 3.331012 Hz ~Ref. 28!. The magic numbers identified as th
inflection points of the downsloping part of theD(N) curve are
indicated on the upperx axes.
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Here the deformation is reflected through a splitting of t
plasmon peak into two components.16,17

The agreement between theory and experiment, Fig. 3
not perfect. Whether this is due to experimental inaccurac
or to the neglect of nonaxial deformations, or both, is dif
cult to say at the moment.

A few comments may be in order. As already stated,
present analysis of the abundance spectra in terms of Eq~9!
is to our knowledge new. In a number of earlier studies
shells and supershells, shell closures and magic num
have erroneously been identified with inflection points in t
relative abundance spectra under the assumption
ln I rel(N);Dshell(N).

5,13 This assumption may well be valid
for an ensemble undergoing evaporation in a heat bath,
as we have stressed, it is not valid for evaporationin vacuo.
Our treatment defines a shell closure rather as a maximu
the abundance. This does not affect the modulation in am
tude of the shell oscillations that constitute the supers
phenomenon. Nor does it change the specific signature o
supershell, i.e., the occurrence of a shift of half a shell per
at the supershell node atN5900–1000.13,18 It does, how-
ever, lead to new magic numbers. It is therefore interestin
see how this affects a plot of shell index versus the cube
of magic numbers,N 0

21/3. Table I shows the result of the
analysis of our spectra for sizes up to the first supers
minimum using both definitions. In both cases the data
be fitted to a straight line, albeit with slightly different slope
as indicated on the bottom line of Table I. The slope in su
a linear plot is interpreted in semiclassical theory as the
nature of simple periodic orbits, characteristic of the me

FIG. 3. ~a! Experimental shell energies deduced from the data
Fig. 2~b! compared to~b! theoretical shell energies for spheric
~dotted curve! and axially deformed clusters~s!, respectively, from
Ref. 11. Marks correspond to clusters with even sizes.
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5488 55CHANDEZON, BJO”RNHOLM, BORGGREEN, AND HANSEN
field in question. For spherical metal clusters, triangles
squares are predicted to contribute about equally to the
served shell modulations.19 A triangular orbit, acting alone
would result in a slope of 0.630, whereas a square o
would give a slope of 0.579, the mean value being 0.604.
one sees, the two experimental values in Table I are b
quite close to the estimated mean value.

The present analysis is based on the assumption
evaporation of single atoms is the only open decay chan
available for cooling the ensemble of initially hot cluste
Recently, experiments on fullerenes have shown that h
heat radiation may be significant in shaping the abunda
spectra.20 The magnitude of this effect for our spectra w
estimated by an analysis using the technique of Ref. 12, w
the emissivity extrapolated from dielectric properties of bu
alkali metals. The result was that unless the emissivity va
very strongly with shell structure, radiative cooling does n
play a role on time scales relevant for our experiment.

II. SHELL OSCILLATIONS
IN THE ATOMIC SEPARATION ENERGIES
AND IN THE IONIZATION POTENTIALS

Using the results from the first part of this work, we no
want to examine the electronic shell oscillations in the io
ization potentials and compare with the atomic separa
energies derived from evaporation experiments in orde
test the basic assumption used in analyzing these ex
ments, namely, that the observed abundance oscillations
of purely electronic origin.

In the photoionization experiments with alkali-metal clu
ters, the electronic shell structure is revealed directly as
characteristic oscillations of the ionization potentials relat
to a smooth size dependence3,21,22 in agreement with theo
retical models of electrons moving in a spherical or d
formed mean field.23,24 The ionization potentials~IP’s! are
known for neutral sodium clusters NaN with N51–106 from
measurements by two groups and presented in Fig. 4~a!.21,22

In one experiment, IP’s were measured for the size ra
N51–22 with clusters from an adiabatic expansion clus
source.21 In the other experiment, measurements were d
on cold sodium clusters from a laser vaporization clus

TABLE I. Magic numbers as deduced from the inflection poin
of the separation energy (N 0

D(N)) ~new definition! compared to the
inflection point of the abundances (N 0

I (N)) ~old definition!. The last
line gives the slope of the best straight line fit when the cube roo
the magic numbers is plotted as a function of the shell index.

Shell index N 0
I (N) ~old! N 0

D(N) ~new!

5 58 58
6 92 92
7 138 138
8 19862 19262
9 25863 25662
10 34063 33462
11 44463 43062
12 55063 54065
13 68265 64865

Slope 0.61660.005 0.60460.005
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source for N59–106 with some gaps in the low siz
range.22 When the two sets of data overlap the lower valu
obtained for the colder clusters, is selected. The experime
points in Fig. 4~a! present a smooth trend, well described
the relation

I P̃~N!5a1bN21/3, ~11!

where a and b are fit parameters.25 The oscillating term
IPshell(N) is extracted by fitting the smooth trend and su
stracting the fitted values from the experimental ones. The
obtained is indicated on Fig. 4~a! and corresponds toa52.78
eV andb52.28 eV. To display the shell gaps in the osc
lating term more clearly and in order to suppress the o
even effect the functionIPshell(N)1IPshell(N21) is actually
used in the plot Fig. 5~a! instead of simplyIPshell(N). The
amplitudes corresponding to twice the shell gaps are in
cated.

The same procedure is applied to the atomic separa
energyD(N). Two sets of data are also used here@see Fig.
4~b!# both obtained for hot, evaporating clusters~Ref. 14 and
this work!. One is deduced form photoevaporation expe
ments on size selected cluster ions NaN8

1 , for N852–36
~Ref. 14! (N8 denotes the number of ions that differ from th
number of electronsN by 1!. Here, the shell term is extracte
using the liquid drop model for the smooth part.26,27 For a
charged cluster NaN8

1 , the liquid drop expansion of the
separation energy is of the form

f

FIG. 4. ~a! Experimental ionization potentials of neutral sodiu
clusters~Refs. 21 and 22! ~d!. The solid curve is the best fit to th
experimental data using Eq.~11!. ~b! Experimental atomic separa
tion energies of sodium clusters. The small size range~h! is for
singly ionized clusters~Ref. 14!, whereas the large one~s! refers to
neutral clusters~this work!. The solid line is the best fit to the sma
size data using Eq.~12!.
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55 5489ELECTRONIC SHELL ENERGIES AND DEFORMATIONS . . .
D̃~N8!5a82b8N821/31c8N824/3, ~12!

wherea8, b8, andc8 are positive fit parameters. The best
to the experimental points is shown in Fig. 4~b! and gives
a850.866 eV,b850.153 eV, andc850.636 eV. The second
set of data, for neutral sodium clusters NaN for N*50, was
obtained in the first part of this work. It yields a dimensio
less separation energyD rel(N)5D(N)/D̃(N), which for the
present purpose is normalized to the liquid drop value
tained by extrapolation from the small sizes. Again, in ord
to suppress the odd-even staggering and to exhibit the
shell effect more clearly the functio
Dshell(N)1Dshell(N21) is plotted as a function of the num
ber of electronsN @see Fig. 5~b!#, and the amplitudes o
~twice! the shell gaps are indicated.

When comparing the functionsIPshell(N)1IPshell(N21)
andDshell(N)1Dshell(N21) in Fig. 5, the general trends ar
seen to be very similar. In addition the magnitude of the sh
steps atN58, 20, 40, and 58 agree quantitatively within th
experimental uncertainties. Fine details due to deformati
are observed in both cases in the small size region and
the plateau after the shell closing at 58 is seen in both ca
On the other hand, forN*50, Dshell(N)1Dshell(N21) is
much smoother thanIPshell(N)1IPshell(N21) and for
N592, the step in the separation energies appears to be
nificantly smaller than in the case of the ionization pote
tials. This might be a consequence of the higher tempera

FIG. 5. ~a! Shell oscillations in the ionization potential of so
dium clusters based on the experimental data displayed in Fig.~a!.
The function IPshell(N)1IPshell(N21) is plotted to remove the
odd-even effect. The amplitudes of the shell gaps are marked~b!
Same as in~a! for the atomic separation energy based on the
perimental data displayed in Fig. 4~b!.
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of the clusters in the first case compared to the second, t
effects being well known for large clusters from theoretic
studies.11 Finally there is some disagreement in the regi
just aboveN*20 that is not readily explained.

How can the agreement between the two curves be un
stood? The ionization potential is the energy needed to
move the least bound electron whereas the atomic separ
energy is the energy needed to remove a neutral atom.
the average these two energies are very different, as ca
seen from Fig. 4. Nevertheless, removing an atom can
also viewed energetically as first removing an electron, th
removing an ion, and finally reforming the atom outside. T
latter process yields a constant energy and cannot caus
cillations. If also the energy required to remove an ion is
smooth, nonoscillating function of size, it follows that on
the first quantity, the electronic removal energy, sho
present shell oscillations. The comparison, Fig. 5, can
taken as evidence that the removal energy of an ion is ind
a nonoscillating function of size. Accepting this, the clo
agreement between the electronic separation energies in
two processes is all the more remarkable because the ev
ration of an atom is a slow process involving the motion
the heavy positive ions across the cluster surface. The p
nent quantity that enters intoD(N) is therefore the adiabatic
ionization potential~AIP!. On the other hand, photoioniza
tion is a sudden process, and what should be probed he
the vertical ionization potential~VIP!. The comparison in
Fig. 5 can therefore be seen as comparing the influenc
shell structure on the VIP and the AIP, respectively. As o
sees, the two quantities are remarkably similar. Altoget
the comparison serves to substantiate the interpretatio
cluster evaporation spectra in terms of electronic shell str
ture.

CONCLUSION

In conclusion, we have shown that by using a simple f
mula and normalizing to the cohesive energy of bulk sodiu
oscillations in the abundances of sodium clusters evapora
in vacuum can be converted to absolute separation ene
and shell energies. The resulting shell energies are descr
quantitatively by theory, provided deformations are tak
into account. It remains a challenge to understand the
tailed nature of the deformations that nonmagic clusters
sume.
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