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On the concept of temperature for a small isolated system
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The microcanonical temperature is shown to be a useful concept in calculations of the decay of a
small isolated system with well defined energy. A simpler and more transparent description is
obtained than in Klots’ formulation of finite-heat-bath theory, where the system is represented by a
canonical ensemble. As a further illustration of the utility of the microcanonical temperature
concept, we discuss a formula derived by Dunbar for the probabilities for excitation of a single
oscillator in a collection of harmonic oscillators with well defined total energy. This formula
expresses the excitation probabilities in terms of the temperature for a canonical ensemble with
mean energy equal to the energy of the system. However, a much improved accuracy is obtained if
the canonical temperature and heat capacity are replaced by their microcanonical values. We justify
this replacement through a modified derivation, in which the microcanonical temperature appears as
the canonical temperature of a fictitious system with level depsiti), the derivative of the level
densityp(E) of the collection of oscillators. €001 American Institute of Physics.

[DOI: 10.1063/1.1357794

I. INTRODUCTION paper deals with the probabilify;(n) for occupation of the
nth level of thejth oscillator in a collection of harmonic
For an isolated system the energy is conserved and in @scillators in statistical equilibrium at fixed total energy. The
statistical equilibrium, where all microstates with the sameevaluation of this probability is closely related to the prob-
energy are equally probable, the state of the system may hem of calculating the decay rate for an excited molecule or
identified with a microcanonical ensemble. However, in thecluster since this rate depends on the probability for concen-
calculation of the properties of the system it may be advantration of a large amount of energy on a single degree of
tageous to approximate the state by a canonical ensembigeedom, the reaction coordinate, or on a few degrees of
because of the mathematical simplicity of this enseni@d®  freedom. Applying Fowler's method, Dunbar derived an ana-
the introduction to Ref. 11 In this method, which was pio- Iytical formula expressing®;(n) in terms of the canonical
neered by Gibb$;the energy of the system is identified with temperature and heat capacity of the collection of oscillators,
the average energy in the canonical ensemble. In an alternand, on the basis of comparisons with exact calculations for
tive description developed by Fowl&the statistical weights a few model systems, he claimed the formula to be superior
were expressed as complex integrals, which were evaluateth the approximation by a Boltzmann factor. However, the
in particular, in the steepest-descent approximation. In thisomparisons were flawed by numerical errors. We find Dun-
case the temperature is defined by a relation determining thigar’s formula to give a rather poor representation of the exact
saddle point of the absolute value of the integrand, and, as P;(n) values, hardly an improvement over the simple Boltz-
turns out, the microcanonical system is then in effect alsamann distribution.
here represented by a canonical distribution. We have analyzed the approximation made in the deri-
We consider systems which are large enough to warrantation of Dunbar’s formula. We use a different but equiva-
a statistical treatment but still have rather few degrees ofent method, expressing the level density as an inverse
freedom so that the relative width of the canonical energyLaplace transform of the partition functiGri.Dunbar’s deri-
distribution is significant. For such systems there is a latitudeation is a perturbation calculation in which the integration
in the definition of temperature which may be seen as a corpath for a steepest descent evaluation of the level density of
sequence of a complementarity between the concepts of ethe total system is also used in the evaluation of the level
ergy and temperatufbAn alternative to the “canonical tem- density of a subsystem with one oscillator excluded. We find
perature” discussed above is the microcanonical temthis procedure to be much more accurate when the level den-
perature, defined in terms of the derivative of the logarithmsity is expressed in terms of the inverse Laplace transform of
of the level density. We argue that this temperature is usefuhe partition function corresponding to the derivative of the
in calculations of the statistical decay of excited molecules otevel density, and this leads to Dunbar’s formula with the
clusters, and that one obtains a conceptually much simplenicrocanonical temperature and heat capacity.
description by avoiding the standard canonical approxima- In the following we first introduce the basic concepts,
tion scheme. the canonical and microcanonical temperatures, and give a
In this connection, we discuss a paper by Dunbar, derivation of the relation between the corresponding heat
which has been cited as giving a justification for the repre-capacities. We shall later consider a model system of har-
sentation of an isolated system by a canonical ensemble. Thronic oscillators and therefore quote some useful expres-
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sions for such a system. In Sec. Il we discuss the application To include the skewness of the energy distribution, we
of the microcanonical temperature in a statistical descriptiortarry out the Taylor expansion of Bto third order. This
of the decay of an isolated system, and as an example wesults in an energy distribution equalRg(e) multiplied by
consider particle emission from a cluster. The formalism isa skewness factdd(e) given by
closely related to Klots’ finite-heat-bath the®Rbut we ar-
gue that a conceptual simplification is obtained when refer- S(e)zeX[{l(e— 6 )31( _1)>
ence to a fictitious canonical ensemble is avoided. 6 P dE| o7

As a variation on this theme, we then discuss Dunbar’s

: . o ; 1 d (-1

result, and in Sec. IV we give a derivation of his formula. In =1+~ (e— Ep)S_ _2) (5)
Sec. V we analyze the accuracy of Dunbar’s calculation and 6 dEl o
show that one may eliminate _the main error by the modifieq:Or the corresponding average energy we find
approximation procedure, which leads to Dunbar’s formula
with the microcanonical parameters. Finally, we apply this __ %
procedure to derive an expression for the rate of decay of a €(Tm)= fo deePo(€)S(e)
small isolated system. To lowest order in the finite-heat-bath
correction, the result is equivalent to that given in Sec. lll,
but the derivation there based on a Taylor expansion is easier
to extend to higher order and higher accuracy.

T, d
1+__Cm(Tm))- (6)

m m

The second term inside the parentheses is often small, and

neglecting this term we have the desired relation on a simple
Il. MICROCANONICAL AND CANONICAL form, WhICh may_also be e>.<pressed asa rglatlon between the
TEMPERATURE canonical and microcanonical heat capacitésandC,,,

A system in statistical equilibrium and with well defined Cn=Cc—Ks. Y

energy is represented by a microcanonical ensemble. Wg/hen the average energy of a system in contact with a heat
consider a quantum system with excitation eneigyThe . is known, we can apply Eq7) to obtain the relation

system is characterized by a density of statp¢F),  perween the energy and the microcanonical temperature for
smoothed over an energy interval larger than the spacing qf,e isolated system.

the energy levels, and the microcanonical temperatyyés

) . We now present an alternative derivation of the relation
defined through the relation

between peak energy and average energy for a canonical
distribution. The skewness of the distribution is included in a
mzﬁm p(E), (1) less direct manner but along the way we obtain a result
which we shall need in Sec. IV. If we introduce the symbol
where kB is Boltzmann's constant. To calculate eXplICItly le: 1/kBTm1 we may write the average energy for a canoni-

this relation betweerE and Ty, for a system with density ca| distribution with temperatur€,, as a logarithmic deriva-
p(E) it is useful to consider the canonical energy distribu-tive of the partition functiorQ(3,,),

tion, P(e€), representing the system in equilibrium with a
heat bath at temperatufe,,

P(e)xp(e)e” I elm. )

From differentiation of this distribution, the most probable B

value, ¢, is seen to be equal to the enerf§yf the system. T mln Q(Bm)- ©®)
However, as we shall illustrate below by an examiite).

(14)], the average energy of a canonical ensemble is usuallj© evaluate the integral, we approximate the integrand by a
easier to calculate, and the quantity of interest, the mosgaussian as in E¢3), and withe,= E the partition function
probable value, is then obtained when a small correction fopecomes

the skewness of the energy distribution is included. From a

€«(Typ)=— %ln< J:dep(e)eﬁme>

~ —BmE,/ 2
second-order Taylor expansion offe) arounde, we ob- Q(Am)=p(E)e 2mo”. ©)
tain a Gaussian approximation to the distribution, Introducing the widthr from Eq.(4) we may write Eq(9) as
an expression for the level density, and this is the formula to
Po(e)= S exp(— (e~ €p)°/20%). (3)  be applied later,
mo
p(E)=e*eTm(27kgCyT7) ~2Q(1kgTp). (10

The width o is found from differentiation of Eq(1),

o \/me, 4) A combination of Egs(4), (8), and(9) gives for the average

energy of the canonical ensemble
whereC,, is the derivative oE with respect tol,,, i.e.,C,

is the microcanonical heat capacity. Sineg is of order — d _ _
CmTm, itis a condition for application of the Gaussian ap- €(Tm)= dlgm(lnp(E) BrmE=In B+ 1/2InCyy).
proximation that the heat capacity be large in unitkgf 11
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We ignore the last term, which gives the same correction foverse process, and for emission of a particle without internal
the temperature dependencef as in Eq.(6), and we then degrees of freedom and with a constant cross seét{@) is

obtain proportional toe.!? If we approximate the logarithm of the
de [ d daughter level density by a first-order Taylor expansios, in

“@(Ty)=— d_[ﬁln p(E)= B |+ E+:8r;|l: E+kgTm, the decay ratek(E, €), become; proportional to a Boltzmann
Brm factor exp(- e/kg Ty), whereT is the microcanonical daugh-

12) ter temperature,

since the quantity in square brackets vanishes according to
the definition in Eq.(1). Thus we retrieve the relations in _
Egs.(6) and (7). ksTq
As an example, we consider a model system to be disThys it may be possible to determine the daughter tempera-
cussed in Secs. IV and V. Fdrharmonic oscillators with  yre from a measurement of the distribution in released ki-

d
= E'” pd(E—Ep). (16)

level spacings; the partition function becomes netic energy! The total decay rate is obtained by integration
J of k(E,€) overe,
= 1—e Bme1-1 1
QBm =1 [1-e Fmi] 2, (13) (E—E,)

Pd
k(E):U(Td)T

and, according to Eq8), the average excitation energy is Pp

then given by We assume that there is no barrier for attachment and nor-

(17)

J mally v(T4) then varies much more slowly than the last
€; . 2
qT)=> —n _ (14)  factor. As an example, we obtairTj for Axe.
WS e em—1 When the transition from parent to daughter involves

From a second-order expansionef/kgT,, one finds that in only a small change in the number of degrees of freedom, we

the high temperature limié approaches the classical result M@ replace the level densities in E47) by a single func-
JksT— Eq, WhereE, is the zero point energy of the oscil- tion p and include the slowly varying correction factor in the
m )

lators, and Eq.(12) then leads to the relatiorE=(J frquencyu. It then foII_ows from the mean val_ue theorem
—1)kgT,.—E,. The classical level density at excitation en- PPlied to Inp(E) that with a temperaturg,, defined as in
ergy E is proportional to E+Ey) %! and therefore one Eq. (1) for some energy b_etweeE\— Ey, andE, we may write
obtains the same relation betweemandT ,, directly from the the decay rate in Arrhenius form,

definition in Eq.(1). The relation in Eq(12) is also exact in Ep
the classical description ®f free particles, with a level den- k(E)=v eXF( T
sity proportional toE32N =1, Ble

. (18

To obtain an estimate of the “emission temperatuiie,’'we
IIl. MICROCANONICAL DECAY AND FINITE-HEAT- expand the logarithm of the ratio of level densities in a Tay-
BATH THEORY lor series, and we choose the midpoint of the energy interval
as the center of expansion to make the even-order terms van-

In standard treatments of statistical mechanics, the relq—sh When the heat capacify,, can be considered constant
. . . . . m
tion in Eq. (1) is used to define the temperature of a Ve€lYin the differentiations we obtain to fourth order,
large system. One then proceeds to derive the fundamental

result that a small subsystem of a large microcanonical sys- | (P(E— Ep)
tem has a canonical energy distribution. We shall use the p(E)
microcanonical temperature of a small system for the analo-

gous purpose, to calculate the probability for concentration

of a sufficient amount of energy in motion along a reaction

coordinate to allow the system to overcome an energy bar-

rier. The system then plays the role of a heat bath for the

single degree of freedoifor for the few degrees of freedom

of an emitted particle

d
=— Ebd_Eln p(E_ Eb/2)

1 3
- ﬁEgﬁln p(E—E/2)

- Ke(Tm— Eblzcm)

2
We consider emission of an electron or a small fragment X| 1+ == i AR
from an atomic cluster. From the detailed-balance relation 12CH(Tm = Eo/2Cm)
between emission and attachment, one obtains the followin@hereT,, is the microcanonical temperature before emission.
expression for the probability per unit time and unit energyThe emission temperatufk, is then given to first order in

1 (19

for emission of a particle with energy*° E,/2C,, by
E_ E — € ~ —
K(E,e)=A(e) pal (Ek; ) ’ (15 Te=Tm— Ep/2C,,. (20)
Pp The second term is usually called the finite-heat-bath correc-

whereE is the initial excitation energy of the cluster agg  tion to the temperature. It has many analogs, for example in
is the binding energy of the particle, whilg andp, are the  the application of semiclassical estimates to quantum pro-
level densities of the parent and daughter clusters. The frorgesses, where there is a finite difference between the initial
factor A(e) is proportional to the cross section for the re- and final states.
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Formulas very similar to Eq$18)—(20) are an essential =pg8.+iB'. We expandf(8) to second order ir8’ and per-
element of the finite-heat-bath theory developed by Kidts. form the integral over the resulting Gaussian. The second
The emission temperatui&, corresponds in this formalism derivative of the logarithm of the partition function equals
to an “isokinetic temperature” at which the decay rate in aminus the first derivative of the average energy, and the
canonical ensemble is equal K{E). In our opinion, the width o* of the Gaussian is given by
description becomes conceptually simpler and the approxi- —
mations more transparent with the introduction of the rp:ﬁcro- 0" =Kg/CcBe. (23
canonical temperature. Klots’ formalism is complicated byThe Gaussian integration therefore gives the following for-
the introduction of a fictitious system in thermal equilibrium mula for the level density,
zir;?plc(;fde‘xalmgzgyn (;l;il;‘l/gtlles which are unnecessary in the p(E)=(2m) Y28, (kg /Cy) Y2eBEQ( B,). (24)

In Ref. 12 we have applied the description above in aThe Gaussian approximation in E@) to the energy distri-
detailed analysis of experiments on electron emission fronbution in Eq.(2) led to the same formula for the level density
clusters. For the very large fullerene molecules, the measured Eq. (10) but with the microcanonical valu€, in Eq. (1)
lifetimes of anion$>'*are in good accord with predictions for the temperature and with the microcanonical heat capac-
based on Eqgs(18) and (20), with parameters determined ity C,,. The two formulas become identical for large sys-
from independent measurements. For small clusters, it items, i.e., forkg/C.—0, and we have found them also to
necessary to apply the higher-order expansion in (#6) give nearly the same result for the small model system dis-
and, as an example, we have analyzed experiments on smallssed below, with relative deviations from the exact result
Nb clusters'® Over a limited range in energy, the expressionwhich are an order of magnitude smaller they7C,.

in Eq. (19) is linear in 1T ,,, and the value oEy may there- For a system of harmonic oscillators, Dunbar took the
fore be obtained from a fit of Eq19) to the slope of the data analysis one step further and considered the excitation prob-
in an Arrhenius plot of Ik against 1T ,. ability for the individual oscillators, i.e., the probability

In the following we discuss the Dunbar problem, which P;(n) for finding thejth oscillator in thenth excited state.
is closely related to the evaluation of decay rates given bylhe exact value is given by the ratio between the number of
Eqg. (17). Somewhat surprisingly, we find that also in this states available for the remainidg-1 oscillators with exci-
context the microcanonical temperature emerges as the mdsttion energyE—ne; and the number of states of the total
useful temperature concept. We give in Sec. IV a derivatiorsystem with excitation enerdy. An approximate value may
of Dunbar’s formula with the level density represented by arbe obtained from the ratio between the level densitig&
inverse Laplace transform of the partition function. This is—ne;) of the J—1 oscillators angp(E) of the total system,
followed in Sec. V by a detailed discussion of the accuracyestimated in the steepest-descent approximation. We apply
of Dunbar’s perturbation calculation and by a derivation ofEq. (21) to calculate both level densities. Denoting the par-
the microcanonical Dunbar formula. tition function for the total system b®(8) and applying the

expression in Eq(13), we obtain

IV. DUNBAR’'S FORMULA 1 y+ie

| o pErng)=5—= | Q(A(1-e Fi)efEnadp.

We shall here derive Dunbar’s formula for the excitation 271 Jy-ien

probability for a single oscillator in a collection of harmonic (25
oscillators with well defined total excitation ene@? Dun-  Written in this way, the integrand is a difference between
bar applied Fowler's method of complex integration but it istwo terms which are identical apart from a replacement of
equivalent to the Laplace transform used beloihe parti- by n+1. Following Ref. 5, we estimate each of these terms
tion function in Eq.(8) is the Laplace transform of the level by a perturbation calculation: We use the same integration

density, Q(B)=L(p(E)), and the level density is hence path as forp(E). When the Gaussian approximation for

given by the inverse Laplace transform@{z), Q(B)exp(BE) is introduced, the integrals are easily evalu-
1 [ytin ated through completion of the square in the exponent, and
p(E)= ﬁf | Q(pB)e’Edp, (21)  we obtain Dunbar’s formula,
[ 2
whereyis an arbitrary positive real number. We shall evalu- ~ P;(n)=e"</*sTc exp{ — 2kC':3 (kn? )
ate this integral by the steepest-descent method. With the cAtBTC
integrand written as exp(B)), the first step is to determine o (2n+1)kg [ € 2
the saddle point of the real part ©f3), where the derivative X|1-e /el exp{ T oC (k T ) ”
of f vanishes, ¢ Ble
5 (26)
ﬁ= %(In Q(B)+BE)=0. (220  whereT, denotes the canonical temperature of the total sys-
tem. This formula has several nice features: The first factor is

According to Eq(8), this equation is fulfilled for a real value the usual Boltzmann factor, and fg/C.—0 the expres-

B¢ corresponding to a canonical ensemble with average ersion approaches a normalized exponential distribution. To
ergy E. The integration path is chosen through the saddldirst order inkg/C., the second exponent corresponds to the
point, and the complex variable may then be writtengas finite-heat-bath correction of the first exponent, as given in
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aroundy=yo+ A+, where vy, is the saddle point. For the
ratio | (y)/1 (o) we obtain to second order ifvy/ yg,

Cel70) (Av)\?

[y (yo)=| 1+ 2(k)|;0)(7_:) )
) l_Lﬁ))z(ﬂ)z)(l(CC(%))llz)
ZkBCc('y) Yo Yo\ Ce(y) .

P(n)

(27)

The first of the three factors is the ratio between the values of
the integrand aB=vy and atB=y,. The second factor ac-
counts for the fact that the first derivative of the integrand
] differs from zero at the expansion pojit= y. As a function
: : . . . ! : of the imaginary partg’, the logarithm of the integrand then
0 2 4 6 8 . . . i .
contains an imaginary first-order term. By completion of the
square as in the evaluation of E@5) one finds that this
FIG. 1. Excitation probabilities for a single oscillator with level spacing 500 leads to a reduction of the Gaussian integral by an exponen-
cm ™t (A) agfl 11%%% crﬁ_ll(O) (iinla;_) ggllegtli?n c')tfhsixth?rmo'?ii' oscillators,  tial factor, which in Eq.(27) has been approximated to sec-
2X(500 cm -, cm*, an cm*), with total excitation ener ; i
400(0 cmt. The total number of states is 110. The dashed curves ingc%catetpnd order inAy/,. The Ia.St factor in Eq(27.) Stems. from .
Dunbar's formula in Eq(26) (T, =1552 K), the full-drawn curves the same 1€ ¥ dependence of the width of the Gaussian, derived as in
formula with microcanonical parameterd (= 1889K), and the dotted— EQ. (23) from the second derivative of the logarithm of the
dashed curves Boltzmann distributionsTat integrand. If the temperature dependence of the heat capacity
can be neglected, the first two factors in Eg7) cancel to
second order im\ y/vy,, and to this accuracy(y) is there-
Eq. (20). The expression in Ed26) is normalized also for a fore proportional toy.
finite value ofkg/C.: As noted above, the two terms with The observation that apparently the microcanonical tem-
opposite sign are identical apart from the replacement of perature should be used in Dunbar’s formula inspired us to
by n+1. In the sum oven to infinity the terms therefore try to remedy the error in the evaluation of Eg5) by con-
cancel in pairs, except for the term with=0 which is equal ~ sideringp’(E), the derivative of the level density. Accord-
to unity. Although the sum includes small unphysical termsing to the definition of the microcanonical temperature in Eq.
with ne;>E, this is in most cases a satisfactory normaliza-(1), we have the exact relatigi(E) = p’ (E)/ 8, and we may
tion. therefore as well consider approximate expressionspfor
On the basis of numerical calculations for a few modelFrom partial integration one obtain¥p')=BL(p), and in
systems, Dunbar claimed E@6) to be more accurate than a the inverse transform analogous to Eg1) the integrand
simple Boltzmann distribution. However, we find his com- therefore contains an additional facygrWe apply again the
parisons to be flawed by numerical errors in the evaluation o$teepest-descent approximation. The condition analogous to
the expression in E¢26). The error is most easily seen for Ed. (22), determining the saddle point, now corresponds to
n=0 where it is clear that the value of this expression isthe relation in Eq.(12), i.e., the saddle point is to a good
larger than the corresponding term in a normalized Boltz-approximation aty= g, if the heat capacity is nearly con-
mann distribution, and this relation is reversed in Fig. 3 ofstant[Eq. (6)]. The second derivative of I8Q(B)) gives the
Ref. 5. We have recalculated the probabilities for the modeWwidth of the Gaussian, and one obtains the formula in Eq.
system illustrated in this figure, and Dunbar’s formula is in(23) with g. replaced byg,, and with C replaced byC,
fact a rather poor approximation, as shown in Fig. 1. On the-kg. When only weakly dependent on temperature, this
other hand, if we instead use the microcanonical temperaturguantity equals the microcanonical heat capaCityaccord-
and the corresponding heat capacity, the agreement of tHeg to Eq.(7). We then obtain the formula

formula with the exact counting is excellent! 1 V2B E
p(E)=(27)" " PBn(kg/Cpp) " €"m=Q(Brm). (28)

V. MICROCANONICAL DUNBAR EORMULA This formula is identical to Eq10) and hence found to be as
accurate as the formula in EQ@4). We may therefore choose
In order to find an explanation for this observation, wefreely between the two estimates of the level density based
analyze the derivation of Dunbar’s formula in some detail. Iton an evaluation of eithes(E) or p’'(E) by the steepest-
is based on a second-order expansion of the logarithm of theéescent approximation to the inverse Laplace transform.
two terms in the integrand in EQR5), but at the saddle point We now apply these considerations to the evaluation of
for the integrand in Eq(21) rather than at the individual the level densityp; and show that with the alternative pro-
saddle points for the two terms. To estimate the error assa@edure based on a formula for the derivative of the level
ciated with this shift of the expansion points, we consider thedensity, the error following from the linear dependenceyon
value I (y) obtained for the integral in Eq21) when the can be avoided. To this end, we define a functiry) by
logarithm of the integrand is expanded to second ordethe expression,

n

Downloaded 17 Apr 2001 to 130.234.97.72. Redistribution subject to AIP copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



J. Chem. Phys., Vol. 114, No. 15, 15 April 2001 Temperature for a small isolated system 6523

11

X

Fn=755
BQ(B)(1—e Fe)efE"9dp :
Gauss

Y
I
(29

where the integral is evaluated by a second-order expansio%
of the logarithm of the integrand. The product of the first
three factors in the integrand is the partition function for the
derivative of the level density for th@—1 oscillators. We
assume that the heat capacities can be considered consta
At the saddle pointyy, which then is the microcanonical
value of 8 for this subsystem at excitation energy-ne;,

the integral divided by i gives an accurate approximation

to the derivative of the level density for the subsystem. Ac-
cording to the definition in Eq(l), the valueF () is then

01

0.01 |

1E-3 |

n

| t imati E_ E iahb FIG. 2. Excitation probabilities for the same oscillators as in Fig. 1, but at a
also an accurate approxima IOHFIF( nei)' OrneIgnbor- - 4 excitation energy of 8000 crh where the number of states is 1136.

ing values ofy, the factory™* in front cancels the linear punbar's formula with microcanonical parameters is now illustrated by the
dependence of the integral and the expression is independeg@shed curves, while the dotted—dashed curves result from an expansion to
of y to second order. To obtain a simple formula for thesecond order of the logarithm of the expression in &4), in analogy to

g _ Egs.(18) and(20). The more accurate, full-drawn curves correspond to an
prObab'“t'eSPJ(n) _pJ(E_ nfj)/p(E) we therefore use the expansion to fourth order, in analogy to E49). For the total system the

value y= B, corresponding to the saddle point for the analo-microcanonical temperature is 3088 K, and for a system with the same
gous expression fags(E), and we obtain energy but with one oscillator removed, 3790(800 cnit) and 3630 K
~ a—Nej/kgT, —€/kgT,
Pi(n)=e "i"e'm(1—e €' e'm)
) 1/2

(1500 cm'h).
2
X exp( - ( 1~ n) ) (
(30)

2
€]

2KgCrn, Th

1
eej/kBTm—

Cm

value y= 3. at which the integral in Eq(25) is evaluated.
Cm,j

Figure 2 shows the excitation probabilities for the same six-
oscillator model as in Fig. 1 but for a total excitation energy
which is twice as large. The total number of states is then an

where we have introduced the symig, ; for the microca-
nonical heat capacity of the subsystem excludingjtheos-

order of magnitude larger and the excitation probabilities can
be followed over a larger range. It is seen that then also the

cillator. To avoid this additional parameter, we may as in themicrocanonical Dunbar formula becomes inaccurate for the

evaluation of Eq(25) replace the expression in E@Q9) for

largestn values.

v= B, by a difference between two terms, which are evalu-
ated individually in the Gaussian approximation. We then
obtain a formula identical to Dunbar’s result in E@6) but VI. FINITE-HEAT-BATH THEORY
with the microcanonical values of the temperature and the

heat capacity. The deviations from E0) are small,

For the derivation of the analytical formula in E@6),
the simple mathematical form of the partition function for

amounting to less than 6% for all the model calculations inthe harmonic oscillator is essential. However, as we shall

Figs. 1 and 2.
The exact probabilities for the model illustrated in the

now show, the most important feature of this formula, the
Boltzmann factor with a finite-heat-bath correction, is more

figures were calculated from a recursion formula. If the 0Seneral. We apply the perturbation procedure based on a

cillators are enumerated from 1 iy the following relation
holds for the number of statad(E,K) of a system with
excitation energye and containing the firsdk oscillators,

N(E,K)=>, N(E—nec,K—1), for K<J, (31)

where the sum oven is restricted to non-negative values of
E—nex. As shown in Fig. 1, the “microcanonical Dunbar

Laplace transform op’ to evaluate the ratio of level densi-
ties in Eg.(19). Assuming again the temperature dependence
of the heat capacities to be weak, we may express the level
densities in the form
Bmtix
( f T BQBEEBap|

Bm—ie

—i
Gauss

(32

1
E— 5E)2 ﬂ_

p( 2i

formula” gives much better agreement with these exactwheregf,, is the microcanonical value at excitation enekjy

probabilities than the original Dunbar formula, which gives
too low probabilities for largen. In the light of our discus-

and 6E equalsky or zero. The Gaussians representing the
two integrands have the same width and the ratio of the peak

sion, this discrepancy can be explained in the main by th@alues equals exp(B,E,). The first derivative of the loga-

linear dependence om of the expression in Eq27). For

rithm of the integrand differs from zero fofE=E,, and

large n values, most of the energy is concentrated on theaking this into account as before by completion of the

single oscillator andy, is therefore much larger than the
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p(E—Ep) kg heat-bath theory, but a relative uncertainty of orldgfC,
erxr{ —ﬁmEb< 1+ ﬂBmEb> . (33 remained. Here we have established the relation to first order
in kg/C.. Temperature corrections like the one in E8®)

This expression corresponds to a Boltzmann factor with gvould also appear in the microcanonical Dunbar formula if
modification that to first order is the same as the finite-heatthe variation with temperature of the heat capacity were in-
bath correction in Eq(20). Hence the perturbation calcula- cluded. However, the corrections are usually quite small, of
tion can be considered an alternative derivation of this cororder 1% or smaller in the model examples illustrated in
rection. However, the Taylor expansion is moreFigs. 1 and 2.
straightforward and a variation with temperature of the heat
capacity can easily be includé#l.Furthermore, it has the
important advantage that it can be improved by inclusion ofvVIl. CONCLUDING REMARKS
higher-order terms, as in E¢L9). .

This may be illustrated by an application of the Taylor | We have discussed the concept of temperature for an

expansion to estimate the excitation probabilities for a singIéSOI"j‘.ted f|n|te system with well defined energy. As an ap-
oscillator in our model system. The othér 1 oscillators prOX|mat|_0 n, the_ systgm may be represented by a canonical
constitute a finite heat bath, and the relative excitation prob(_—:-nergy distribution with mean \{alue equal to th.e energy of
. . the system, and the corresponding temperature is denoted the
abilities are given by . . . o . .
canonical temperature.” An alternative is the microcanoni-
pj(E—neg)) cal temperature, defined in terms of the derivative of the
Pj(n)e W (34) logarithm of the level density, and for small systems there is
: ) o a significant difference between the two temperatures. We
For the examples illustrated in Figs. 1 and 2, a second-0rdg{,ye argued that the microcanonical temperature is the most
expansion of the logarithm of this ratio, analogous t0 Eqsysefyl concept when decay by particle emission from a clus-
(18) and (20), leads to predictions which are close to the e js considered. An Arrhenius formula may be derived from
microcanonical Dunbar formula. For each oscillajothe  he statistical expression for the decay rate by a Taylor ex-
values of the temperaturg, and heat capacitCy, for the  yangion of the logarithm of the level density, and the result-
subsystem witl — 1 oscillators were obtained from EdS),  jng effective decay temperature equals the initial microca-
(12), and(14), and the common constant on the ratio in EQ.ngnjcal temperature with a correction depending on the size
(34) was deFermlned from a normallzathn OT the sum aver ¢ the system. In our opinion, this is a simpler conceptual
to unity. With the fourth-order expansion in EQL9) the  famework for a finite-heat-bath theory than the one applied
exact statistical weights are reproduced quite well even fo[)y Klots, where the system is represented by a canonical
the highest excitations in Fig. 2. ensembl&:?

We have seen that it can be convenient to consider the  The |evel density of a system may be expressed as the
derivative ofp(E) rather than the level density itself. Some- jhyerse Laplace transform of the partition function, and the

times it can also be useful to introduce the integrated leveanonical temperature appears as the characteristic tempera-
density,w(E). " Since the relation between(E) andp(E)  tyre when this transform is evaluated by the saddle point
is the same as betweprandp’, we have from the definition - method. In this connection, we have discussed an analytical
in Eq. (1), formula, derived by Dunbatfor the excitation probabilities
W(E)=KgTmwp(E), (35 of one qscillator in a 'colllection'of .harmonic oscillgtors with
well defined and statistically distributed total excitation en-
where T, is the microcanonical temperature for a systemergy A much improved accuracy of this formula is obtained
with level densityw. As before we may identify it with the \yhen the canonical temperature and heat capacity of the sys-
canonical temperaturg for the system with level densify  tem are replaced by the microcanonical values, and we have
if the heat capacity is nearly constant. The lowest-order corfoynd a justification for this replacement in a modification of
rection for variation of the heat capacity may be obtainedne derivation. The modified procedure is not limited to har-
from Eq. (6), applied to the system with level density.  monic oscillators and it has also been applied to particle
According to Eq.(8), the left-hand side equalé(Tmw)  emission from a cluster. This gives an alternative derivation
+kgTmw, where the functione refers to the system with ot an Arrhenius formula with an effective decay temperature

level densityp, and on the right-hand side we repldééy  equal to the microcanonical temperature with a finite-heat-
€(T.). By expansion of the functios to first order we then  pain correction.

obtain the relation,

However, the description based on a Taylor expansion of

the logarithm of the level density is simpler and has the

(36) advantage that it can be extended to higher order. This is

important for small molecules or clusters, where also the

where we have replacen,, ,, by T, andC,,, by C. on the  distinction between the microcanonical and the canonical

right-hand side. temperature is significant. For larger systems, consisting of

The formula in Eq.(35) with T, ,=T. was derived in tens of atoms or more, only the first-order term in the Taylor

Ref. 7 but with little attention to accuracy. In Ref. 8 an expansion need be retained, but the corresponding finite-

attempt was made to improve the argument because the rheat-bath correction remains important even for quite large
lation played an important role in the discussion of finite-systems like the buckminsterfullerene molecGlg.'?

kg Tc

Tm,w_ Te= Z_CC C_c d_TCCC(TC)’
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